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Theoretical studies are presented on weak localization effects and magnetoresistance in quasi-
one-dimensional systems with open Fermi surfaces. Based on the Wigner representation, the
magnetoresistance in the region of weak field has been studied for five possible configurations
of current and field with respect to the one-dimensional axis. It has been indicated that the
anisotropy and its temperature dependences of the magnetoresistance will give information on
the degree of one-dimensionality and the phase relaxation time.
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§1. Introduction
Recently, many experiments have reported metallic properties of highly conducting doped poly-
mers (HCDP), e.g. polyacetylene doped with iodine,1) p-phenylenevinylene doped with sulfuric
acid,2) etc. It is expected that HCDP shows three-dimensional conductivity when polymer chains
are entangled at random, while quasi-one-dimensional conductivity is expected when they are well
aligned each other. Actually, there are some experiments which have tried to examine the dimen-
sionality of conduction of the tensile drawn (∼1000%) samples of HCDP films by the measurement
of magnetoresistance (MR) at low temperature.1, 2)In these experiments the conductivities were
anisotropic which were analyzed based on the formula for anisotropic three-dimensional systems.
However, the resulting anisotropy turned out to be very large, which invalidate the original as-
sumption of anisotropic three-dimensionality, i.e. the closed Fermi surface with the anisotropic
mass. Instead, the results seem to indicate that the Fermi surface is open for which there have
been few theoretical studies on MR.3, 4, 5, 6, 7, 8)
In this paper, the weak field MR for such systems with open Fermi surfaces are theoretically
studied by use of the Wigner representation.
The field theoretical studies of weak-localization (WL) effects9) on MR have discussed by Hikami
et al. 10) and Kawabata11) for two- and three-dimensional metallic conductors, respectively. In
these studies where the closed Fermi surfaces are assumed the quantum corrections to the con-
ductivity given by the Cooperon propagators have been easily calculated even in the presence of a
1
magnetic field in terms of the Landau quantization. For systems with open Fermi surfaces, on the
other hand, the eigenvalues of the Cooperon propagator can not be explicitly given. In order to
overcome this difficulty and to study MR systematically we make use of the Wigner representation.
In §2 a brief review of the preceding theory for three-dimensional systems is given, and studies of
quasi-one-dimensional systems by the Wigner representation are given in §3. The asymptotic forms
of the MR in three- and one-dimensional limit and summary are given in §4 and §5, respectively.
We take a unit of h¯ = 1.
§2. Magnetoresistance in Three-Dimensional Systems
For three-dimensional systems, we take the model Hamiltonian,
H = p
2
2m
+ u
∑
l
δ(r −Rl), (2.1)
where u is the strength of the short range impurity potential and Rl is the impurity site. We will
consider the quantum correction term for the conductivity in the order of (εFτ0)
−1, where εF is the
Fermi energy and τ0 is the relaxation time due to elastic scattering by impurities given in Fig. 1.
In this figure dashed lines and a cross represent impurity potentials and the averaging procedure
over the distribution of impurities. This τ0 is given as follows,
τ−1
0
= 2πniu
2N(0), (2.2)
where ni is the density of impurities and N(0) is the density of state per spin at the Fermi energy.
Fig. 1. Self-energy correction due to the impurity scattering.
The weak-localization effect can be calculated by the summation of so-called maximally crossed
diagrams as given in Fig. 2. In these diagrams the ladder part (see Fig. 3) which is called the
“Cooperon” represents the quantum interference effect between two electrons having nearly opposite
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Fig. 2. Weak-localization correction due to the “Cooperon”.
Fig. 3. The Cooperon representing the quantum interference effect.
wave number. The Cooperon is singular when εn(εn + ωl) < 0 where εn = (2n + 1)πkBT , ωl =
2lπkBT and kB is Boltzmann constant, and in this case it is written as follows,
Dc(q, ωl) =
1
2πN(0)τ2
0
1
Dq2 + |ωl|+ 1/τε , (2.3)
where D = 2εFτ0/3m is the diffusion constant and τε is the phase relaxation time due to inelastic
scattering introduced phenomenologically. Then the quantum correction to the conductivity (Fig.
2) is given by
∆σ
σ0
= −2 τ2
0
Tr Dc(q, 0), (2.4)
where σ0 = 2e
2N(0)D is the Drude conductivity and Tr means quantum mechanical trace, e.g.
∑
q
in the absence of the magnetic field.
In the presence of a magnetic field, H, whose strength is not so strong, in the sense ωc ≡ eH/mc≪
τ−1
0
, its effects can be treated quasiclassically, i.e. q in the Cooperon is replaced by q+2eA/c ≡ pi,
where A is a vector potential. Fortunately, the Cooperon depends only on pi2, so that the trace
can easily be carried out by the use of the eigenstates of Landau quantization. Hence, the quantum
correction is given as follows,11)
∆σ(H)
σ0
= − 1
2π3N(0)ℓ2
3
×
∑
N
∫
dqz
1
4D
ℓ2
(
N +
1
2
)
+Dq2z + 1/τε
, (2.5)
where ℓ =
√
c/eH is the Larmor radius. Equation (2.5) is valid for both weak and strong magnetic
field limit, i.e. ℓ ≫ Lε ≡
√
Dτε and ℓ ≪ Lε, as long as the conditions, ωc ≪ εF and ℓ ≫
√
Dτ0,
are satisfied. Especially for weak magnetic field, we get the following asymptotic form of the
magnetoconductance, δσ(H) ≡ ∆σ(H)−∆σ(0),
δσ(H)
σ0
=
1
24π2N(0)
√
Dτ
3/2
ε
ℓ4
∝ H2. (2.6)
If we assume the anisotropic mass, mi (i = x, y, z), the diffusion constants are defined as Di =
2εFτ0/3mi, and δσ(H) along the symmetry axis is rewritten as
δσ(H)
σ0
=
1
24π2N(0)
D1√
D2
τ
3/2
ε
ℓ4
, (2.7)
where D1 is the geometric mean of Dis perpendicular to the magnetic field and D2 is the diffusion
constant of the direction of magnetic field.
§3. Magnetoresistance in Quasi-One-Dimensional Systems
Now, we turn to our problem of quasi-one-dimensional systems with open Fermi surfaces. We
take the model Hamiltonian,
H = p
2
z
2m
− α(cos pxd+ cos pyd) + u
∑
l
δ(r −Rl), (3.1)
where z-axis is the polymer chain axis, α is the band width due to the transverse hopping of
electrons among chains and d is the lattice spacing perpendicular to the chain direction. The
one-particle thermal Green function is given as
G(k, iεn) =
1
iεn − [k2z/2m− α(cos kxd+ cos kyd)− εF] + i sgn(εn)/2τ0
. (3.2)
If the Fermi energy εF is large enough compared to the band width in the perpendicular directions,
α, which is assumed throughout this paper, and then the warping of the Fermi surface can be
ignored in the integration of a single particle Green function, the relaxation time due to impurity
scattering is given by
τ−1
0
=
2niu
2
d2vF
, (3.3)
where vF =
√
2εF/m. On the other hand, the cosine band structure has to be properly treated in
the derivation of the Cooperon as follows,
Dc(q, ωl) =
niu
2
1− niu2X(q, ωl) , (3.4)
4
X(q, ωl) =
∫
dk
(2π)3
G(k, iεn + iωl) G(q − k, iεn)
=
∫
dk
(2π)3
1
i(εn + ωl)− {k2z/2m− α(cos kxd+ cos kyd)− εF}+ i/2τ0
× 1
iεn − {(qz − kz)2/2m− α [cos(qx − kx)d+ cos(qy − ky)d]− εF} − i/2τ0 , (3.5)
where X(q, ωl) is the polarization function. The result of the integration with respect to kz is given
as follows under the conditions, εF ≫ α and 1≫ ατ0| sin qx,yd2 |, v2Fτ20 q2z , |ωl|τ0,
X(q, ωl) ≃ 2
vF
∫
dkxdky
(2π)2
1
ωl +
1
τ0
+ v2
F
τ0q
2
z + 2iα
[
sin
(2kx − qx)d
2
sin
qxd
2
+ sin
(2ky − qy)d
2
sin
qyd
2
]
≃ 2τ0
vFd2
[
1− 2α2τ2
0
(
sin2
qxd
2
+ sin2
qyd
2
)
− v2
F
τ2
0
q2z − |ωl|τ0
]
. (3.6)
Then the Cooperon is obtained as12, 13, 14)
Dc(q, ωl) =
d2vF
2τ2
0
1
v2
F
τ0q2z + α
2τ0(2− cos qxd− cos qyd) + |ωl|+ 1/τε
. (3.7)
The quantum corrections to the conductivity (Fig. 2) for each direction under the same conditions
as in the derivation of the Cooperon, eq. (3.7), are as follows,
∆σ‖
σ‖
= −2 τ2
0
Tr Dc(q, 0), (3.8a)
∆σ⊥
σ⊥
= −2 τ2
0
Tr cos qxd Dc(q, 0). (3.8b)
In these equations, the classical conductivities for each direction are given by
σ‖ = 2e
2N(0)D‖, (3.9a)
σ⊥ = 2e
2N(0)D⊥, (3.9b)
where the symbols ‖ and ⊥ represent the directions parallel and perpendicular to the chain axis,
respectively, which will be used in the following as well. Here the density of state and the diffusion
constants are defined as follows,
N(0) =
1
πd2vF
, (3.10a)
D‖ = v
2
F
τ0, (3.10b)
D⊥ =
1
2
α2d2τ0, (3.10c)
which are deduced from eq. (3.7) in the continuum limit, d→ 0.
In the limit, ατ0 ≪ 1, where the warping of the Fermi surface is less than the broadening, τ−10 ,
(see Fig. 4 (a)), the conditions, 1≫ ατ0| sin qx,yd2 |, are satisfied over the whole Brillouin zone, hence
5
Fig. 4. Fermi surfaces in the cases, ατ0 ≪ 1, (a), and ατ0 ≫ 1, (b). Here the vertical lines represent the broadening
of the Fermi surface corresponding to the energy width, τ−10 .
any cutoff is not necessary in the integrations with respect to qx and qy in the evaluations of eq.
(3.8). On the other hand, in the limit, ατ0 ≫ 1, where the warping of the Fermi surface is larger
than the broadening, τ−1
0
, (see Fig. 4 (b)), the conditions, 1 ≫ ατ0| sin qx,yd2 |, required to derive
eqs. (3.7) and (3.8) imply |qx,y| <∼ (ατ0d)−1. In this case, however, the main contributions to the
quantum corrections, eq. (3.8), turn out to be given by the small q such as |q| <∼ (α
√
τ0τεd)
−1 due
to the lifetime of the Cooperon, τε. Since (α
√
τ0τεd)
−1 < (ατ0d)
−1 is usually satisfied (i.e. τε ≫ τ0),
the present estimations of the quantum corrections based on eqs. (3.7) and (3.8) are justified even
in this case of ατ0 ≫ 1.
To obtain the MR, we replace q by pi = q + 2eA/c ,
∆σ‖
σ‖
= −Tr d
2vF
D‖π2z + α
2τ0(2− cos πxd− cos πyd) + 1/τε , (3.11a)
∆σ⊥
σ⊥
= −Tr d
2vF cos πxd
D‖π2z + α
2τ0(2− cosπxd− cosπyd) + 1/τε . (3.11b)
Here we must be careful to treat πis because of their noncommutability,
[πi, πj ] = i
2
ℓ2
εijk, (3.12)
where k is the direction of magnetic field and εijk is Levi-Civita’s totally antisymmetric tensor. Since
πis are contained in cosine terms in our Cooperon, we cannot use the Landau quantization method
and it is impossible to study MR for arbitrary field. However for studies in weak magnetic field, the
method of Wigner representation15) is most suited, because it is a systematic method of expanding
physical quantities in terms of the small parameter which is the value of the commutator of canonical
variables. Moreover as it turned out, the MR in a weak field yields important information on the
degree of the alignment of the polymer and the phase relaxation time.
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In the Wigner representation, the trace of some physical quantity, A(pˆ, qˆ), which is given as a
function of canonical variables, pˆ and qˆ satisfying [ pˆ , qˆ ] = −ic, can be obtained by replacing
quantum operators to corresponding classical differential operators operating on 1, and integrating
the quantity over classical variables, p and q,
Tr A(pˆ, qˆ) =
1
2πc
∫
dpdqA
(
p+
c
2i
∂
∂q
, q − c
2i
∂
∂p
)
· 1. (3.13)
Fig. 5. Five possible configurations of current and field with respect to the chain direction in the measurement of
MR.
In our case of MR in quasi-one-dimensional systems, two components of πˆ perpendicular to the
magnetic field correspond to pˆ and qˆ in eq. (3.13). For each of the five possible configurations as
shown in Fig. 5 we have to replace the operators as follows,
pˆi → pi + 1
iℓ2
h× ∂
∂pi
, (3.14)
where h is the unit vector along the direction of magnetic field, and integrate over pi. For example
the quantum correction in the config. (1) in Fig. 5, we have to evaluate the following,
∆σ1
σ‖
= −d
2vFτε
(2π)3
∫
∞
0
ds
∫
d3π e
−s
{
D‖τεpi2z+α
2τ0τε
[
2−cos
(
pix−
1
iℓ2
∂
∂πy
)
d−cos
(
piy+
1
iℓ2
∂
∂πx
)
d
]
+1
}
· 1, (3.15)
where the integrations with respect to πx and πy can be taken over the whole Brillouin zone.
The explicit evaluations of the quantum corrections up to the second order of H for each config-
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uration result in as follows,
∆σ1
σ‖
= − 1
2
√
π
√
τε
τ0
∫
∞
0
ds e−s(4a+1) [ s−1/2 I0(2as)2 − 2
3
(
L2ε⊥
ℓ2
)2
s3/2 I1(2as)
2 ],
∆σ2
σ⊥
= − 1
2
√
π
√
τε
τ0
∫
∞
0
ds e−s(4a+1) [ s−1/2 I0(2as) I1(2as) − 2
3
(
L2ε⊥
ℓ2
)2
s3/2 I0(2as) I1(2as) ],
∆σ3
σ‖
= − 1
2
√
π
√
τε
τ0
∫
∞
0
ds e−s(4a+1) [ s−1/2 I0(2as)2 − 2
3
(
Lε⊥Lε‖
ℓ2
)2
s3/2 I0(2as) I1(2as) ],
∆σ4
σ⊥
= − 1
2
√
π
√
τε
τ0
∫
∞
0
ds e−s(4a+1) [ s−1/2 I0(2as) I1(2as) − 2
3
(
Lε⊥Lε‖
ℓ2
)2
s3/2 I1(2as)
2 ],
∆σ5
σ⊥
= − 1
2
√
π
√
τε
τ0
∫
∞
0
ds e−s(4a+1) [ s−1/2 I0(2as) I1(2as) − 2
3
(
Lε⊥Lε‖
ℓ2
)2
s3/2 I0(2as)
2 ],
(3.16)
where ∆σi is the quantum correction for the i-th configuration in Fig. 5, I0(z) and I1(z) are the
modified Bessel functions, Lε‖ ≡
√
D‖τε and Lε⊥ ≡
√
D⊥τε are the phase relaxation lengths for
each direction, and
a ≡ 1
2
α2τ0τε =
(
Lε⊥
d
)2
(3.17)
is the “dimensionality parameter” whose meaning is discussed below. In each of eqs. (3.16), the
first term in the integral is the WL correction in the absence of the magnetic field, ∆σi(0), and the
second term is the magnetoconductance, δσi(H) ≡ ∆σi(H) −∆σi(0). The expansion parameters
are L2ε⊥/ℓ
2 for H‖z and Lε⊥Lε‖/ℓ2 for H⊥z, respectively. This is easily understood because the
magnetic field always affect electrons through the orbital motion within the plane perpendicular to
the field.
The parameter, a, represents the dimensionality in the sense of the quantum interference effects
due to the Cooperon, and its physical meaning is how many chains electrons can hop through
with their coherency kept. The interference of electrons is three-dimensional if a is large, a ≫ 1,
even though the Fermi surface is open because electrons can move among many chains by diffusive
motion until they lose their phase memory. On the other hand, it is one-dimensional if a is small,
a≪ 1, since electrons cannot keep coherency even in a single hopping.
§4. The Asymptotic Forms
In this section, the asymptotic forms of the conductivity in three and one dimensions are eluci-
dated:
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4.1 Three-dimensional limit
The three-dimensional limit, a≫ 1, of eqs. (3.16) can be obtained by using the asymptotic form
of modified Bessel function, and the results are as follows,
∆σ1
σ‖
= − 1
2πατ0
[
1.61
√
π − 1
ατ0
√
τ0
τε
]
+
1
24π
√
τε
τ0
(
dLε⊥
ℓ2
)2
,
∆σ2
σ⊥
= − 1
2πατ0
[
0.41
√
π − 1
ατ0
√
τ0
τε
]
+
1
24π
√
τε
τ0
(
dLε⊥
ℓ2
)2
,
∆σ3
σ‖
= − 1
2πατ0
[
1.61
√
π − 1
ατ0
√
τ0
τε
]
+
1
24π
√
τε
τ0
(
dLε‖
ℓ2
)2
,
∆σ4
σ⊥
= − 1
2πατ0
[
0.41
√
π − 1
ατ0
√
τ0
τε
]
+
1
24π
√
τε
τ0
(
dLε‖
ℓ2
)2
,
∆σ5
σ⊥
= − 1
2πατ0
[
0.41
√
π − 1
ατ0
√
τ0
τε
]
+
1
24π
√
τε
τ0
(
dLε‖
ℓ2
)2
.
(4.1)
These are identical with the conclusions of preceding theories of WL and weak field MR in three-
dimensional systems,9, 10, 11, 12, 13, 14) with the density of state, N(0), and the anisotropic tensor
components of the diffusion constants, D‖ and D⊥, as given in eq. (3.10), e.g. the substitution of
them for eq. (2.7) gives the second terms, δσi(H), of eqs. (4.1). This is expected because in the
limit, α2τ0τε ≫ 1, the main contribution to the integration of the Cooperon is given by small q
such as |qx|, |qy| <∼ (α
√
τ0τεd)
−1. Therefore our formulae, e.g. eqs. (3.7) and (3.8), turn out to
be the same as those in anisotropic three-dimensional systems shown in §2. This is the reason
why the quantum corrections of the systems with ατ0 ≫ 1 are given by those of the anisotropic
three-dimensional systems even though the Fermi surface is open, since α2τ0τε ≫ 1 because of
τε ≫ τ0.
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4.2 One-dimensional limit
When the system becomes one-dimensional, a≪ 1, the asymptotic forms are given as
∆σ1
σ‖
= − 1
2
√
τε
τ0
+
35
16
√
τε
τ0
a4
(
d2
ℓ2
)2
,
∆σ2
σ⊥
= − 1
8
√
τε
τ0
a +
5
8
√
τε
τ0
a3
(
d2
ℓ2
)2
,
∆σ3
σ‖
= − 1
2
√
τε
τ0
+
5
8
√
τε
τ0
a2
(
dLε‖
ℓ2
)2
,
∆σ4
σ⊥
= − 1
8
√
τε
τ0
a +
35
16
√
τε
τ0
a3
(
dLε‖
ℓ2
)2
,
∆σ5
σ⊥
= − 1
8
√
τε
τ0
a +
1
4
√
τε
τ0
a
(
dLε‖
ℓ2
)2
.
(4.2)
As is easily seen, the second term of config. (1), δσ1(H), will be reduced most rapidly as a → 0,
while that of config. (5), δσ5(H), will remain larger than the others.
Hence, one can infer the value of the dimensionality parameter, a, experimentally by the compar-
ison of the anisotropy of the magnetoconductance, δσ(H). For example, the ratio of δσ3(H) and
δσ4(H) will give the value of a, yielding important information about the degree of the alignment
of polymer.
In addition, the temperature dependence of a thus deduced gives information on that of the phase
relaxation time, τε.
§5. Summary
We have developed a theory of weak field MR in quasi-one-dimensional systems which have open
Fermi surfaces. Even though the effects of magnetic field on electrons with such open Fermi surface
are not easy to treat, the correct results in weak field regime have been determined by use of the
Wigner representation. It is to be noted that this is a rare case in which the Wigner representation
is applied to a explicit calculation of the quantum transport phenomena.
We have obtained the asymptotic forms of conductivities in three- and one-dimensional limit in
the sense of the quantum interference effect. We have pointed out that the dimensionality pa-
rameter, a, and thus the degree of the alignment of polymers can be inferred by studying the
anisotropy of the magnetoconductance, δσ(H), for five possible configurations. Moreover, the tem-
perature dependence of the phase relaxation time can be deduced from that of the dimensionality
parameter.
In a more detailed comparison with the experiments, however, the existence of the mutual inter-
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action effects has to be taken into account.16) The Coulomb interaction associated with the spin
Zeeman effect gives contributions to MR of the same order as the WL, but its sign is opposite
and the scaling fields are different; i.e. gµBH/kBT where g is the Lande´ g-factor and µB is the
Bohr magneton in the case of the interaction effects while L2ε⊥/ℓ
2 for H‖z and Lε⊥Lε‖/ℓ2 for H⊥z,
respectively, in the present WL effects. Since Lε⊥ < Lε‖ will be naturally satisfied, the scaling field
of the WL effects for H‖z should be larger than that for H⊥z, but the magnitude of these scaling
fields (especially that in the case of H‖z) relative to that of interaction effects is not unique. In
the case of refs. 1 and 2, the scaling field of the interaction effects comes between those two of
the WL effects and the interaction effects are almost negligible for H⊥z, so that one can infer the
dimensionality parameter, a, adequately from δσ(H) of H⊥z.
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